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Principal Values

Function Domain Range (Principal value)
; 3 1 [_E z}
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Inverse Trigonometric Functions and Their
Graphs

1

DEFINITION: The inverse sine function, denoted by sin™ x (or arcsinz), is defined to be

the inverse of the restricted sine function

i i <r< L
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2 2
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~ 14 g 14
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¥ ' % . . X ) \ " A F }
i T T 3 t ot T > 7
—2a —7 0 T Y X 0 = «x : 1o
e L7y i 2
y =sinx v =sinux, _?77 =r= _.’EZ

DEFINITION: The inverse cosine function, denoted by cos™ z (or arccos ), is defined to
be the inverse of the restricted cosine function

cosz, O0Lz<7
y ¥y
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., P \ycw e —¢F \\JL”: D X _ﬁ+ \\\f X \\
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DEFINITION: The inverse tangent function, denoted by tan™'z (or arctanz), is defined
to be the inverse of the restricted tangent function
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DEFINITION: The inverse cotangent function, denoted by cot™' z (or arccot z), is defined
to be the inverse of the restricted cotangent function

cotz, O<ax<m
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DEFINITION: The inverse secant function, denoted by se¢™

be the inverse of the restricted secant function

& (or arcsec r). is delined to

secr, =€ [0,7/2)U[m.3n/2) [orx € [0.7/2)U (/2 7] in some other textbooks]
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DEFINITION: The inverse cosecant function, denoted by csc™!
to be the inverse of the restricted cosecant function

x (or arcesc z), is defined

cscx, x € (0,m/2)U (m,3n/2] [or x € [-m/2,0) U (0,7/2] in some other textbooks]
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IMPORTANT: Do not confuse
sin'z, cos”lz, tan"lz. cot™lz, sec 'z, csclz
with
1 1 1 1 i 1
sinx’ cosz’ tanr’ - cotx’ sccx’ cscx
FUNCTION DOMAIN RANGE
sin~ z [-1,1] [—7/2,7/2]
costz —1,1] [0, 7]
ta (—00, +00) (—m/2,7/2)
cot™' z (—20, +20) (0, )
sec™lx (—oc, —1JU[1, +o0) | [0,7/2) U [m, 37/2)
csclz (—oc,—1JU[1,+00) | (0,7/2] U (m, 3m/2]

(4)



FUNCTION DOMAIN RANGE ]
sin~' —1,1] [—7/2.7/2] - T
COs™ & —1,1] [0, 7] o 2
tan~' z (—00, +ox) (=m/2,m/2) | ¥
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secla (=00, =1]U[1,400) | [0,7/2) U [m, 3m/2) |- L2
cseta (=00, —1]JU 1, +o0) | (0.7/2]U (m,3n/2] | + |

EXAMPLES:
(a) sin"'1= g, since sing =1 and g € [—g, g}

1) o — . sinee sl | ¥ il apd, <0 {_fi
(b) sin™*(-1) 5 since sm( 2) 1 and 5 €753
(c) sin~'0 =0, since sin0 =0 and 0 € [—g, g} :

1 1
(d) sin~? 5= %: since sin% = and g € [—g, g]
/z
3 3
(e) sin™! VT = g, since sin% = % and g € {—g—g}
V2 o7 T V2 T T T
g ¥ T gy e B CE |y,
(f) sin 5 g Since sin - = = and 7 € [ 5 2]
EXAMPLES:
cos10="2. cos'1=0 cos ! (=1)=m, cos™? L
2’ 3 H 2 37
Il
tan~11= g, tan'l(—l) = —g, tan™! \/§ = g, tan~! ﬁ

EXAMPLES: Find sec™! 1, sec™!(—1), and sec™!(—2).
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FONCTION DOMAIN RANGE _ |.r | s [ oo [T o | w [
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EXAMPLES: Find sec™! 1, sec™!(—1), and sec™}(—2). YA
Solution: We have g
sec '1=0, sec'(—1)=m  sec}(-2)= ?W Sine All
since " -
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FUNCTION DOMAIN RANGE | i | wst | war |oowr T e
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sec tx (—oo, —1JU[L,+00) | [0.7/2) U [7,3n/2) | .1 .2 : 1 il d ’
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EXAMPLES: We have

m w m Kis
tan™'0 =0, cot™'0= 52 cot™l1 = T sec”l V2 = ’Z, cse”l2 = = cse !

EXAMPLES: Evaluate

: o A i b T x LT
(a) sin (arcsin E) , aresin { sin , and arcsin sin—=- |-

&

(b) sin (arcsin %) , arcsin (sin g) , and arcsin (sin 7) !

. 27 9
(¢) cos | arccos —5 | ) »arccos { cos — , and arccos cos— ).

Solution: Since arcsinz is the inverse of the restricted sine function, we have

sin(arcsinz) =z ifx € [-1,1]  and arcsin(sinz) =z if z € [-n/2,7/2)
YA

Therefore
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T
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6
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arcsin { sin — | = arcs i o e
6 2 6 Tangent Cosine

in [ sin i in (Si ( + ﬂ)) 1 ( sin W) arcsin (s' W) -
ICSin — = arcsiy nymwT s = arcSin { — ¢ — | = —¢ 1) — = ——=
arcsi 5 a 5 C 5 G 5

or

(b) sin (a.rcsin g) = arcsin (sin g) = g, but

i o arcsi ( i (ﬂ" -+ )) arcsin ( i W) i (sin w) T
sin | sin— | = arcsin (sin | = + 7)) = arcsin [ —sin — | = — arcsin - =—=
arestn 7 7 7 7 7

(c) Similarly, since arccos. is the inverse of the restricted cosine function, we have

cos(arccosz) =rifx € [-1,1]  and arccos(cosz) =z if z € [0, 7
2 2
Therefore cos (arccos (—%)) = —i— and arccos (cos %) = g, but
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